This paper examines strong Ces~ro summability and strong Cc&o sectional boundedness of order 1~ r < cc in Banach and Frechet spaces E. The major result shows these topological properties of E to be equivalent to multiplier properties of the form E = (dv, n co) E and E = dv, E, where dv, is the space of sequences of dyadic variation of order r defined in this paper. These multiplier results show that several classical spaces of Fourier series have these properties. This introduces a new form of convergence in norm for Fourier series. The space L:,, for example, has strong Cesaro summability of all orders 1 < r i cc. Fejtr's Theorem states that for all feLi,,
INTRODUCTION
A Frkchet space is a complete metrizable locally convex space; for example, every Banach space is a FrCchet space. Consider a FrCchet space E with a total biorthogonal sequence (ek, fi} [ 11, That is, ek E E for all k; Generally we assume that the indices k and j range over the nonnegative integers but when discussing Fourier series of 2rc-periodic functions the indices will range over all integers. Each x in E can be identified with the sequence J? = (x,,, x,, x2, . ..) w h ere x,=L.(x). Let 8= (i]x~E}. E and B are isometric and isomorphic if, for each defining seminorm pE on E, we define p~(i)=p~ (x) .
If E is a Banach space we define /al/s= IIxIIE. By conditions (l.B) and (l.C), I? has continuous coordinate functionals. Such a Frechet (respectively Banach) sequence space is called an FK-space (respectively, BK-space). By condition (l.A), i? contains the space of finite sequences t$:= (x=(xk)Ixk=o except for finitely many k}.
For simplicity, most theorems in this paper will be stated for FK-spaces (that is, E= l? where, for each k, ek is the sequence with 1 in the kth position and 0 elsewhere); however, when considering function spaces it will often be more convenient to work directly on E instead of the corresponding FK-space i?
An element x in E has the property of sectional convergence (denoted AK) in E if the sections ?x := xOeo + xlel + . . . + x,e" converge to x (as n -+ co) with respect to the topology of E. In case the biorthogonal sequence ranges over all integers, we define snx := Clk, G n xkek for n=0,1,2 ).... More generally, an element x, not necessarily in E, has the property of sectional boundedness (denoted AB) in E if the sections snx are bounded in E. Similarly an element x in E has the property of Cesaro sectional convergence (denoted oK) in E if the Ceshro sections (inx:=(sOx+ ... + s"x)/(n + 1) converge to x (as n --+ co), with respect to the topology of E. This is equivalent to lim Ji (skx-x)=0. n+cDn+l k=O
An element x, not necessarily in E, has the property of Cesaro sectional boundedness (denoted aB) in E if sup, p(a"x) < cc for ail continuous seminorms p on E. Let 1 < r < 00. Section 2 contains basic definitions and introduces the properties of strong Cesaro summability of order r (denoted [aK],) and strong Cesaro boundedness of order r (denoted CaBI,) in Frechet spaces. These properties are stronger than aK and oB, respectively, but are weaker than AK and AB, respectively. Section 3 contains general results on strong Cesaro summability and strong Cesaro boundedness in Frechet spaces. In Section 4 specific spaces are considered; namely the convergence fields H, and boundedness domains B, of the strong Cesaro summability methods, A continuous seminorm p on E does not uniquely determine the set A,. For now, we will assume that (2.D) however, a proper subset of (2.D) is often more natural. For example, if E = CZn with norm 11 g// m = supY (g(y)], it is natural to choose A,, .,,m to be the set off, defined by f,(g) = g(y), O< y<2z. Theorems (3.1) 
Below we list some useful BK-spaces and their norms. We use the notation dyk=yk-yk+r, d2yk=dyk-dyk+r, max2"=max2.Gk,2,+l, and C,.=C:"z:;'.
If the index k ranges over the integers we assume that y, = y-k for the spaces bv, dv,, and q listed below 
GENERAL RESULTS
Zeller has shown that an FK-space E containing 'j has the property AK if and only if it has the properties A B and AD. A corresponding theorem for oK was proved in [3] . Using a similar c/3 argument we obtain it for the property [OK]': Since for all x E E we If(~km"' have p'(x) = supn sup/, ,,, { ( l/(n + 1)) Ct =. < co, the seminorm p' is lower semicontinuous and hence continuous on E (Theorem 7.1.1 of [7] ). Let x E E and E > 0. Since E has the property AD we can find YE 4 such that p(x-y) < 43 and p'(x-y) < 43.
We can choose n sufficiently large so that {(Mn+l))CZ=oP( sky -y)'}i"< c/3. Let IfI <p. Then by Minkowski's inequality
Taking the supremum over all IfI < p, we see that x has the property [oKI,. I (3.2) COROLLARY. Let 1 < r -C CO. Zf an FK-space containing 4 has the property [crBlr, then ECnK,, = E,,.
Proof: EAD, being a closed subspace of E, is an FK-space with the properties AD and [oB] r. By (3.1) we have E,, c ECOK,,. The inclusion ECOK,,c E,, is shown in the proof of (3.1). 1
For FK-spaces E and F, define EV= {y=(y,)lfor somefEE', yk=f(ek))
and If E is a BK-space, then EV can be identified with the dual space of E,, [S] and is thus a BK-space under the dual norm of E,,. However, for an FK-space E, the space EV need not be an FK-space (the space E = o of all complex valued sequences is such an example). The proof of the following theorem is consequently more difficult than in the BK-space case. Proof. The proof of ( * ) is obvious. For the converse, we use a uniform boundedness argument. Suppose s,(x) < co for all f~ E'. Let p be a continuous seminorm on E and let E, be the space E under the locally convex topology defined by the single seminorm p. Then Eb is a Banach space with unit ball U = {fo Eb 1 IfI < p}. (Actually ET is a BK-space with E; c EV). Let B = (f~ EL 1 s,-(x) < 1). B is clearly absolutely convex and closed. B is radial (absorbing) since s,-(x) < co for all f E EL. Thus B is a barrel in EL. Since EL is barreled, B is a neighborhood of 0. Thus there exists an N> 0 such that (l/N) U c B. Then SUP,~~ G P sr(x) < N. 1
Let 1 < r < CO and let E be an FK-space containing $. Then Let 1 d r < CD. If E is an FK-space containing r$ generated by a set of seminorms P, then ECOBI, is an FK-space under the topology generated by the set of seminorms { pr 1 p E P}.
ProoJ It is shown in [3] that ,ECB is an FK-space under the seminorms qp(x) := sup, p((l/(n + 1)) CE=0 skx). We have qp 6 p, by the definition of p, ; also p1 6 pr by Holder's inequality. Since ECCBIr = {x E E,, 1 p,(x) < co VIE P} it follows from Garling's Theorem [ 10, p. 9981 that Ecoe,, is an FK-space. 1 (3.7) Remark. We will show in (5.3) that for every FK-space E containing 4, the space Ecoe,, always has the property [aB],.. However, an FK-space E (containing 4) with the property [OS] , need not be a closed subspace of ECDB,,. Thus if the topology of E is generated by a set of seminorms P, the topology generated by the set of seminorms { pr 1 p E P} need not make E an FK-space.
(3.8) Remark. If E is an FK-space containing 4, it can be shown that the set of all sequences x (not restricted to those belonging to E) which satisfy condition (2.F) forms an FK-space. The proof is similar to that of (3.3). It can even be shown that this FK-space satisfies the condition (2.F).
CONVERGENCE FIELDS AND CONVERGENCE FACTORS
In this section we look at the convergence fields H, and boundedness domains B, of the strong Cesaro summability methods, and at their spaces of convergence factors du, and dv, n co. These spaces are of interest in themselves. Moreover, the properties [aB] , and [aK] , of these spaces are important in the proofs of multiplier results in the next section. as well as some more general multiplier results. Maddox [ 121 had earlier shown that HF = dv, (see also [2] ). The identities (4.A) thus also follow from (4.1) and (3.5). The set E . F need not be a linear space. The set (E -+ F) is a sequence space but it need not be an FK-space. However, if E and F are BK-spaces, then (E -+ F) is a BK-space under the norm llyll = SU~,,~,,~~, /Ix. y/l.. An FK-space E containing 4 has the property AB if and only if E = bu . E and it has the property AK if and only if E = (bv n co). E [lo] . Similarly E has the property aB if and only if E = q E and it has the property aK if and only if E= (qn c,,) . E [3] . Now we show that strong Cesaro summability and strong Cesaro boundedness for an FK-space are also equivalent to multiplier statements. ProoJ Suppose E has the property [aK].. Then E has the property aK. It was shown in [3] that if E has oB then E,, = (q n co). E. For the same reasons (dur)I-,K1, = (du,),K = (q n co). dv, = dv, n cO. Thus since E = dv, . E by (5.2), we have E = EaK = (qnc,,).E=(qnc,)~(dv,.E)=(dv,nc,).E. Conversely suppose E = (dv, n co). E. For each x E E, T,(y) = y. x is a continuous map from du, n c0 into E. Let p be a continuous seminorm on E. As in the proof of (5.1), there exists a constant K,, such that s~~~~~.,~~l~~+~~~C;~,If~~"~~~~~-~~~~l'=s~~~~~.,~~l~~+~~~C;f.~, Multiplier statements corresponding to (5.2) (respectively (5.3)) do not hold for spaces satisfying condition (2.F) (respectively condition (2.E)) with respect to the multipliers du, (respectively du, n co) or with respect to the sequences satisfying conditions (4.C) (respectively condition (4.E)). The spaces dv, and H, serve as counterexamples. However, we can obtain a partial result which we give without proof.
(5.6) PROPOSITION. Let E be an FK-space containing 4, let 1 <r < GO, and let x be a sequence. If x. y E E for every sequence y in dv, satisfying condition (2.E), then the sequences x . y satisfy (2.F).
FUNCTION SPACES
We now consider spaces of 2n-periodic functions or distributions g for which Fourier coefficients g(k) are defined [8] . Sequences will be defined on the integers, and the sequences in q, dv,, and bv will be assumed to be symmetric (that is, yk = yPk). Here ek is the function ek(x) =eikx and s"g(x) = Clkl G n g(k) eikr. Since (Czn + Czn) = (Li, -+ ii,) = (Gzn -+ fizn) = (iTn + L2m,)r tizrr [S, Vol. 2, p. 2461, an immediate consequence is the result du, c Mz,, for all 1 < r < 00 [6] . We also obtain Fomin's integrability result du, n co = (du,)m c (A%2n)AD = & [6, 9] . Since e = (. .., 1, 1, 1 Theorem 6.1 shows that the absolute value can be taken inside the summation and raised to any power 1 <Y < co to obtain g+Ff) r=o(l) (n --f co).
(6.C)
One could consider direct proofs of (6.C) from (6.A) but the main idea here is the equivalence of convergence theorems and multiplier theorems. The following example due N. Tanovic-Miller shows that (6.C) cannot be further strengthened by taking the supremum inside the summation. That is, the property [aK] . cannot be strengthened to the property (2.E). The example shows that for each 1 <r < co, there exist f-k such that
It is sufficient to let r = 1, since by Holder's inequality Consider the cosine series (l/2) a, + x7= 1 ak cos kx, where a0 = a, = 0, and ak = I/m, (k > 2). We have ak 1 0, khk + 0, and Ck (k + 1) jA2ukl < cc since Auk N l/k log3'* k, and A2ak -l/k* log3'* k. By a classical result of Kolmogorov 
From (3.6) and the first identity in (6.E) we obtain the following. We can obtain a similar result for the space M,, from the second identity in (6.E).
Since the continuous linear functionals on Li, are of the form F'k)=j?f .g for fEL% we have Ilgllf =su~l~fll=~~ sup,{(Mn+ 1)) C;=, IS~sk(f.g)lrj"r for gELi,. Consequently we obtain the following.
(6.5) THEOREM.
For each g E Ll, and 1 < r < co we have sup ll/ll"-s1 n Finally, since (i;)(p = (e2n)(P = fi2n and (fiZn)'+' = (L:,)V = t,ql we obtain the following from (3.4). For each 1 dr< 00, &= (ii, -+ B,) and A2,= 6% + Br).
